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CHAPTER 1

Finite reflection groups

1. The symmetric group

The symmetric group &, is set of bijections from [n] := {1,2,...,n} to itself. We can all agree that
permutations and their combinatorics are ubiquitous throughout all of mathematics. Here we recall the
basic properties of &, and view it as a group generated by reflections in hyperplanes.

We represent a permutation o : [n] — [n] in one-line notation, which is the bottom row of the table

n |1 23456789
on)[4 6 719 35 2 8

Thus o = 467193528. The set of bijections becomes a group under composition. So, for example, for
T = 581639274, the product with ¢ is o7 = 924378651. Alternatively, we write o in cycle notation
o = (14)(2637598). Fixed points, i.e., cycles of length 1 are usually omitted.

A transposition is a permutation that swaps two numbers ¢ and j and leave all others fixed. We denote
such a transposition by (i, 7). Note that (i, j)o swaps the numbers i and j in the one-line notation, while
o(i,7) swaps the entries at positions i and j.

(7,9)0 = 469173528
o(7,9) = 467193825

Also note that o(i,j) = (0(i),0(j))o for all i < j.

The symmetric group is generated by transpositions. In fact, &, is generated by adjacent (or simple)
transpositions, that is, the n — 1 transpositions of the form s; = (i,i+1) fori = 1,...,n—1. For example,

0 — 83595155545352565554535857565556S57
= (3,4)(2,3)(1,2)(5,6)(4,5)(3,4)(2,3)(6,7)(5,6)(4,5)(3,4)(8,9)(7,8)(6,7)(5,6) (6, 7)(7,8)

This is a reduced expression, in the sense that it uses the minimal number of simple transpositions.
Reduced expressions are in general not unique. For ¢ there are 5630196 many distinct reduced expressions.
The number of simple transpositions used is independent of the reduced expression and called the length

¢(0). An inversion of ¢ is a pair (¢,j) with 1 <i < j < n and o(i) > o(j). The inversion number
inv(o) is the number of inversions.

Exercise 1.1. Let 0 € G, be a permutation.
(1) Show that ¢(c) = inv(o).

(2) Find a procedure to generate all reduced expressions. B

We can view permutations as acting on R"™. For o € &,,, define P, € R"*™ by

B = {1 it i = o(j)

0 otherwise.

If eq,...,e, are the standard basis vectors of R™, then P,e; = €o (i) and hence P,P, = P,,. Note that
(P,)"' = P,-1 = P! and hence P, is an orthogonal matrix with respect to the standard inner product

5



6 1. FINITE REFLECTION GROUPS

(x,y) =x1y1 + - - + Tpyn on R™. So, for our o we get

1 1 1

1 1 1

Note that for a transposition (3, j), P jyv = v if and only if v; = v;. That is, F; ;) acts as the identity on
the linear hyperplane H;; = {v € R" : v; = v;}. Moreover, F; ;) is the reflection in the hyperplane H;;
in the sense that v — P ;)(v) is perpendicular to H;;. Thus, we can view &,, as a finite group of linear
transformations that is generated by reflections in hyperplanes.

As a sneak peek, let us see how the geometry of the arrangement of the (g) hyperplanes H; ; reflects

properties of &,,. A point v € R" is not contained in any of the hyperplanes H; ; if and only if v; # v; for
all ¢ < j. Hence, there is a unique permutation ¢ such that

V(1) < Vg2) < 0 < VUg(n)-
Moreover, u is in the same connected component of R \ | J, ;i Hij if and only if u is contained in the open
convex set
Cy = {U cR": Vg(1) < Vg (2) <0< ’Ug(n)} .
Thus

R'\|JH,; = ) C
1<j oeG,
and since C, = P,(Ciq), any two sets C,, are isometric.

2. Reflections and reflection groups

Let V' be an n dimensional real vector space with inner product (.,.). A linear hyperplane is a linear
subspace of dimension n — 1. That is, H is of the form

H=H, = {veV:{(a,v)=0}

for some o € R™ \ 0. Note that a is unique up to scaling. The (orthogonal) reflection in H is the linear

transformation sy : V' — V such that sy(v) = v for all v € H and sy(a) = —a. This allows us to give

an explicit description of sy as

2(a, v)
a

(o, )

(1)

This does not depend on the choice of a but it is customary to write this as s,. In particular s2 = id and
Sq is an element of the orthogonal group O(V) = {g € GL(V) : (g(u), g(v)) = (u,v) for all u,v € V'}.

sgv) = v—

A finite reflection group is a finite group of linear transformations W C GL(V') that is generated by
(orthogonal) reflections in hyperplanes.

If W is generated by a single reflection, then W = {e, s, }.

To get a feeling, let us consider the case that W is generated by two reflections s, and sg. Now «, 3 are
linearly independent and span a 2-dimensional subspace L = span{c, 3}. Since V. = L @ L', and s, 53
restrict to the identity on L', it suffices to consider the case V = R2. More generally, if W is a reflection
group, then the fixed space is VW := {u eV :wu=ufor all we W} and we can restrict the action of
W to (VW)L If VW = {0}, then we call W essential (relative to V). The rank of W is the dimension
dim(VW)+ = dim V — dim V. Hence, if W is minimally generated by 2 reflections, then W is of rank 2.

Let a, 3 € R?\ 0. Let 6 be the angle between H, and Hgz. The angle satisfies 0 = 7 — Z(a, 8) = m —

cos~! (%) Figure 1 shows the situation. If v has angle w to the line H,, then Z(v, s4(v)) = 2w.
a,a) {3,
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Likewise, if the angle between s (v) and Hg is 7, then Z(s4(v), s5(sa(v))) = 27. Since w +v = 60, we infer
that Z(v, s3(sa(v))) = 2w + 2y = 20. Thus sgs, is a rotation by 26.

FIGURE 1. The composition of two reflections in the plane is a rotation.

Now if W is finite, then there is (a minimal) m > 2 such that (sgsq)™ = id. Such an m must satisfy
mb = ¢ for some £ > 1.

Proposition 2.1. Let H,, Hg be hyperplanes with an angle %ﬂ' between them. Let W be the reflection
group generated by s, and sg. Then there is a reflection s, € W whose hyperplane H, has an angle of %77
to Hy and sa, s, generate W.

PrROOF. We can assume that k and £ are coprime and hence there is an r > 0 such that 7k = gf + 1
for some q. Thus w := (s3sa)" is a rotation by 27. Consider w’ := ws, € W. This is a reflection (check
this!) in some hyperplane H.,, i.e., w’ = sy and w's, is a rotation of %71 Thus H, and H, have an angle
of 17 and sgsa = (8y5a)F, that is, s5 = (5150)"sa = (5y5a)F 1s,. O

We can always assume that W is generated by reflections in hyperplanes with angle -~ between them.
If m =2, then a L 3, that is, « € Hg and 8 € H,. Hence sos3 = sgsq and W = {id, 54, sg}.

If m > 3, then pick u; € H, \ 0. The orbit Wu; = {wuy : w € W} will consist of m points uy, ug, ..., un
(why? %), which are the vertices of a regular polygon @, (why?? &). The group W is the symmetry
group of Q,,, called the dihedral group, denoted by D,,. The number of elements of D,, is 2m.

Exercise 2.2. Answer the two questions marked & in the paragraph above. SN

This gives a complete classification of rank-2 reflection groups.

Notice that for any m > 2 if u is not contained in any of the reflection hyperplanes of W, then Wu are
the vertices of a 2m-gon that is not necessarily regular and for which W is not the symmetry group. We’ll
get back to these polygon much later.

Generally, if W is a finite reflection group and s,,sg € W are two reflections, then the subgroup W’ =
(Sa, sp) generated by sq, 53 is a finite reflection group of rank 2. Let us consider the various such subgroups
for the symmetric group &,,. A normal for the hyperplane H; ; for 1 <¢ < j < nis given by «; ; := e; —e;.
Thus, for two distinct transpositions (7,7), (k,1), we have oy ; L ayy iff {i,7} N {k,l} = @. Otherwise
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[{i,7} N {k,1}| =1 and the angle between H(; ;y and H( ) is §. In particular, &3 is the symmetry group
of the regular triangle embedded in R? with vertices (1,0, 0), (0, 1,0), and (0,0, 1).

The symmetric group &,, fixes the linear subspace {(¢,¢,...,t) : t € R} pointwise and is of rank n — 1. In
light of the classification of finite reflection groups that we will be seeing in a few lectures, let us start by
calling &,, a reflection group of type A,_1.

We close this first lecture with introducing one more example. For i = 1,...,n, let z; : R® — R" be
reflection in the hyperplane H; = {v € R™ : v; = 0}. That is, 2; flips the sign of the i-th coordinate of v.
Consider the group W that is generated by s; ;) for 1 <7 < j < n as well as z1,...,z,. This is a group
generated by reflections but it’s not obvious that W is finite. To see that W is finite, consider the set
S = {—1,41}" of £1-vectors of length n. The subgroup G C GL(R™) of linear symmetries of S is finite
(why??) and W is clearly a subgroup. That makes W finite as well.

Exercise 2.3. Let S C R" a finite set such that span(S) = R™. Let G be the group of linear transforma-
tions g € GL(R"™) such that ¢S = S. Show that G is a finite group. S

Note that W contains more reflections then the ones we used to generate. Indeed, z;s(; j)2; maps e; to
—ej and e; to —e; and leaves e, fixed for k ¢ {7, j}. But this means it fixes all points of the hyperplane
H = {v e R":v; = —v;} and maps its normal e; + e; to its negative. The finite reflection group W is of
rank n and we say that it is of type By,.

Exercise 2.4. Show that the reflection group of type B, is the symmetry group of the n-dimensional
cube Cp, ={v e R": |y;| <1forali=1,...,n}. &

Exercise 2.5. A convex polytope P in R3 is the inclusion-minimal convex set containing a given finite
set of points. The symmetry group G of P is the group of linear transformations ¢ € GL(R?) such that
gP = P.

The boundary of P consists of vertices, edges, and faces. A flag of P is a choice of a vertex v, an edge e,
and a face F' such that v € e C F. A convex polytope P is called regular if for two flags v € e C I’ and
v/ € ¢ C F’ there is g € G such that gv = v/, ge = €/, and gF = F’. Show that if P is regular, then G is
a finite reflection group. S

Exercise 2.6. Consider two infinitely long walls meeting in a corner at an angle a € (0, 7]. Show that
any kicked ball (which doesn’t loose momentum) can meet the walls only a finite number of times. What
is the maximal number of times a ball can hit the walls? 5N

3. Root systems

Let W be a finite reflection group acting on V' and let A(W) be the collection of reflecting hyperplanes
of W. If Hy, € A(W) and w € O(V), then ws,w™! sends wa to its negative and pointwise fixes wH, =
{veV:{a,w ) = (wa,v) = 0} = Hy,. Here we used the fact that w € O(V) and hence w* = w™!. If
w € W, then ws,w™! € W, we infer that Hy,, € A(W). Hence wA(W) = A(W) for all w € W. Instead
of the action of W on the reflection hyperplanes, it is customary to consider the action on a collection of
normal vectors to the reflection hyperplanes. Since s, () = —a it is not sufficient to pick a normal vector
for each hyperplane.

A root system @ is a finite non-empty subset of V' \ 0 such that for every a € ®

(R1) ® Nnspan(a) = {—a,a}, and
(R2) s4(B) € @ for all 5 € P.

The elements of @ are called roots. The rank of ® is the dimension of span(®).

Every finite reflection group W gives rise to a (actually many) root system:

® = {aeV:{ya)=1s, € W}
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Conversely, if ® is a root system, then define W as the subgroup of O(V') generated by the reflections
{8q : @ € ®}. We may assume that V = span(®) and appealing to Exercise 2.5 shows that W is a finite

group.

Clearly if ® is a root system, then t® = {ta: @ € ®} is a root system as well for all ¢ € R\ 0. We call ®
reducible if there is a partition ® = ® W ®” such that ® | ®” and ® and ®” are root systems. If no
partition exists, then ® is irreducible.

Exercise 3.1. Let ® be a root system. For any non-empty U C &, show that ® N span(U) is a root
system. ESN

Exercise 3.2. Let ® be an irreducible root system. Show that there are at most two different lengths of
roots. (Hint: Show this first for root systems of rank 2.) 5N

Example 3.3 (A root system for type A,_; and type By,). For type A,_1: The set & = {e; —e; : 4,5 €
[n],i # j} is a root system for the symmetric group and since &,, acts transitively on ®, ® is unique up
to scaling.

For type By: The set ® = {*(e; —¢;),x(e; +¢j) : 1 <1i < j < n}U{xey,...,Ee,} is a root system
whose associated reflection group is that of type B, (check this!). Note that the roots have lengths 1 and
V2. Since W acts by orthogonal transformations, there is more than one orbit of ® under W. o

We call ¢ € V generic relative to ® if (¢, ) # 0 for all & € ®. Since P is finite, generic ¢’s exist.

Exercise 3.4. Identifying V = R", show that there are infinitely many ¢ € R such that ¢ = (1,¢,¢2,...,t")
is generic for ®. SN

A positive system of ® is a subset ®* C ® of the form
dt = {a€d:{c,a) >0}
for some generic c.

Clearly |®T| = 1|®|, as @ selects one element from each pair —a, @ € ®. But our choice serves a greater
purpose. We seek to find smallest sets of reflections that generate W. As it will turn out, these subsets
will be as small as possible.

Example 3.5 (Positive systems for type A,,_1 and B,,). For type A,,_1: A vector ¢ is generic relative to
O ={e;—ej:1,j€n],i+#j}if and only if ¢; # ¢; for all ¢ # j. Consider ¢ = (¢1 < 2 < -+ < ¢,). Then
Pt ={e;j —e;:1<i<j<n}

For type By: c is generic if |¢;| # |cj for all i # j and ¢; # 0 for all i. For ¢ = (0 < ¢1 < --- < ¢,), the
positive system is = {e; —e;,e; +e;: 1 < jpU{er, ..., en}. o
For a finite set U = {u1,...,un} C V, we define the conical hull as the set

cone(U) = {piu1 + paus + -+ + fimUm  ft1,5 - -« fhn > 0} .
We call a finite set U C V acyclic if there is ¢ € V' with (¢,u) > 0 for all u € U.
THEOREM 3.6. Let U C V be acyclic. If U Nspan(u) = {u} for all w € U, then there is a unique

inclusion-minimal G C U with cone(G) = cone(U).

PROOF. Let G = {g1,...,9x} C U be an inclusion-minimal generating set for C':= cone(U). That is,
C = cone(G) but C # cone(G \ g;) for all j =1,..., k. Assume that H = {hq,...,} C U also generates
C but, say, g1 ¢ H. Then there are aq,...,a; > 0 such that g1 = >, a;h; at least two a; nonzero. On the
other hand, there are b;; > 0 such that h; = Zj bijg;. Setting dj =Y, a;bj; > 0, we get

g1 = dig1 +daga+ -+ digy .
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Said differently, (1 —d;)g is contained in cone(G\ g1). We cannot have 1 —d; > 0, as this would contradict
the assumption that G is inclusion-minimal. If 1 —d; < 0, then

k
0> (1—di)(c,91) = Zdi<079i> > 0.
i—2

This leaves d; = 1. But the same calculation then shows ds = --- = dj, = 0, which implies g; € S. Hence
GCU. O

By Theorem 3.6, there is a unique inclusion-minimal subset A C ®* that minimally generates cone(®™).
We call A a simple system. Figure 2 shows two examples of root systems, positive systems, and simple

systems in rank 2.

FIGURE 2. Two examples of finite reflection groups in the plane. Below root systems are
shown. The positive system is opaque. The simple roots are slightly thicker.

We start with a seemingly technical but important lemma about simple systems.

Lemma 3.7. Let A be a simple system. Then (o, 3) <0 for all a, B € A, # .

PROOF. Let o, 8 € A with o # 3. Then L = span(«, 3) is a 2-dimensional subspace and Exercise 3.1
yields that ® N L is a root system with positive system ®T N L. Let A’ C & N L be a simple system. If
a ¢ A’ then A’ U (A \ a) generates cone(®™), contradicting Theorem 3.6. Hence a, 8 € A’ and, using
that L is 2-dimensional, A’ = {«, 8}. In particular, «, 8 are linearly independent.

Now assume that («, 5) > 0. We know that 7 = s,() is contained in ® N L. Now s4(8) = 5 + pcr, where

W= _<2 Ofoéf ) < 0. But v or —v is contained in ® N L but the unique expression of v as a linear combination
of a and 3 has positive and negative coefficients. This contradicts that ®+ N L C cone(a, 3). O

A main consequence of this is the following.

Corollary 3.8. Let A be a simple system, then A is linear independent. In particular, every root o € ®
has a unique expression in terms of simple roots, with all coefficients nonnegative or nonpositive.

PRrROOF. Let ai,...,a;, € A be a minimally dependent subset. Then there are aq,...,a;, € R not all
zero such that 0 = 3, a;a;. Since (¢, a;) > 0 for some generic ¢ that brought us ®*, not all a; are of the
same sign. We may assume that aj,...,ar <0 < agy1,...,6m,. Then

k m
— E a;0; — E ajaj = v
=1

j=h+1
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and minimality yields v # 0. We compute

0 < (v,v) = ZZ (—ai)ajlas, o) < 0,

i=1 j=k+1

which is a contradiction. O

The corollary furnishes another characterization of simple systems.

Corollary 3.9. Let S C ® be a basis for span(®) such that ® C cone(S) U cone(—S), then S is a simple
system.

PROOF. We may assume that span(®) = V. Then S = {a,...,a,} is a basis and there is some ¢ € V
with (c, ;) > 0 for all i. As every 5 € ® is of the form 8 =), a;; for some o that are all nonnegative
or nonpositive, this shows that ¢ is generic. In particular 3 € ®* if and only if 8 € cone(S) N ®, which
shows that S is a simple system. O

Example 3.10 (Simple systems for types A,_; and B,,). Continuing Example 3.5, let us choose ¢ = (0 <
c1 < -+ < ¢y), then the positive system for type A,—1 is A = {ea —e1,e3 —ea,...,e, — €en—1}. Indeed,
for any e; —e; € @1 with 1 <4 < j < n we have

ej—ei = (ej—ej1)+(ej-1 —ej2)+-- 4 (ei1 — i) .
Likewise, for type B,,, we obtain A = {ej,e2 —e1,e3—e€2,...,e, —ep—1}. In addition to the positive roots
ej —e; for i < j, we get e; and e; = e; —e;_1 +¢;_1 by induction on j. The positive roots e; + e; are then
obvious. o

The fact that every root has a unique representation in terms of A with nonzero coefficients of like sign is
the key in showing that A yields a generating set for W.

Lemma 3.11. Let AC ®T C ®. Fora € A and B € ®F, we have 5,(8) € T if B # a and 5,(8) = —«
otherwise.

PROOF. Let A = {o,...,on}, a =aq, and 8 = ), a;a; with ay,...,a, > 0. If & # 3, then there is
some a; > 0 for ¢ > 2. Now

sa(B) =B — pay = (a1 — p)ay + Zaiai-
i>2
Since s4(f) € ® and the expression of s, (/) is unique with nonzero coefficients of like sign, the fact that
a; > 0, forces a; — p to be positive as well. O

THEOREM 3.12. Let W be a finite reflection group with root system ®. Let A C ® be a simple system,
then {sq : @ € A} generates W

PROOF. Let W’ be the subgroup of W generated by the reflections {s, : @ € A}. Tt suffices to show
that for every 8 € ®7, there is w € W' such that w3 € A. Indeed if 8 = w™a for w € W and o € A,
then sg = s,-1, = wsq,w and hence sg € W'.

For any v € ®T let v = > aea Cat be the unique representation with all ¢, > 0 and define the height as
ht(3) = > eca Ca- Pick v € W3 N ®T with ht(y) minimal. We claim that v € A.

Since v # 0, we have
0 < (1,7 = ) calria)
acA
and thus there is some a € A with ¢, > 0 and (y,«) > 0. But by (1), sqa(y) = v — po, where pp > 0. If
Sa(7) is in @T, then ht(s, (7)) < ht(v), which would contradict our choice of v. Hence s4(7) € —®T and
by Lemma 3.11, this implies v = a. O
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Example 3.13 (Generation by simple reflections in types A, 1 and B,). Continuing Example 3.10, note
that ht(e; — e;) = j —i. Applying, for example, s, for o = e; —e;_; or @ = e;41 — €; maps e; — e; to
€j—1 — €; or ej — €;41, both of which have lower height. Repeating this, the process terminates at some
er — er—1. Notice that the root of minimal height in W’/ is not unique.
Let us write s;; for Sej—e; and s; = Siy1,;. Then s;1q -+ sj—1(ej — €;) = ejy1 — e; and we obtain

Sej—e; = Sj—1°""Si+18:Si+1 " S5-1
For example, for ez — e, we get sp(es —e1) = ez — e1 and s31 = $25152. o

Exercise 3.14. Let ® = {e; —e; : i # j} be the root system of type A, 1. Every subsets U C &
determines a directed graph D = (V, A) on nodes V = {1,...,n} and arcs A = {(i,j) : e; —e; € U}.

(1) Show that U generates &,, if and only if D is connected.

(2) Show that any minimal generating set U has the same cardinality.

(3) How many minimal generating sets U are there?

(4) How many simple systems are contained in ®? SN

Exercise 3.15. Exercise 3.14 suggests that U minimally generates &,, if and only if U is a basis for
{veV:vy+---+wv, =0}. Show that &,, is special in that respect. SN

4. Reflection arrangements and the length function

Let us interpret what we did geometrically. Let W be a finite reflection group with an arbitrary but fixed
root system ®. Recall that the reflection arrangement associated to W is the collection of hyperplanes
AW) ={H, : a € ®}. A vector ¢ € V is generic if and only if ¢ is not contained in any of the hyperplanes
in A(W). Let @] be an arbitrary but fixed positive system. For ¢ € V'\ 0, we write HZ := {v : {c,v) > 0}
for the positive halfspace that is bounded by the hyperplane H. and H_. := HZ \ H. for the open
halfspace. Now ¢ € V' \ 0 yields @7 if and only if &7 = ® N HZ, that is, (o, ¢) > 0 for all & € ®F. More
generally, for v & |JA(W), let 0, = sgn{a,v) € {—1,+1} for all « € ®. Then the connected component
of V\ JA(W) containing v is

CS = {veV:(oaa,v) >0 for all a € B}

and yields the positive system {o,a : a € @ar}. Thus, the connected components of

vilJamw)

are in bijection to the positive (and hence simple) systems of W. We write C, for the topological closure
of C7. Since C} is non-empty, we get

Co = {veV:{oqa,v) >0foralacdl}.

The closures of the various connected components are called the regions or chambers of A(W), which
we collect in R(W).

A set C CV is a polyhedral cone if there are 31,..., B, € V with
(A, - _ > >~ >
C = {v:(Bv)=0foralli=1,....m} = Hz NH; N---NHj .
The choice of (; is not unique. Indeed, for uq,..., i, > 0 define = p1 51 + -+ - + pmPm- Then (B,v) >0

foralve Cand C=CNH BZ We call the cone C simplicial if there is a choice of linearly independent

Bi,...,Bm. It is easy to see that C' is then linearly isomorphic to Ry x R"™™ if n = dim V. We call an
arrangement of hyperplanes simplicial if all regions are simplicial.

Corollary 4.1. For any finite reflection group W, the arrangement A(W) is simplicial.

PROOF. Let @1 be a positive system with associated chamber C' = {v : (8,v) > 0 for all 8 € ®*}.
Let A = {aq,...,an} € ®T be the simple system. We claim that

C = {v:{(a,v) >0forall a € A},
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which then yields the result using Corollary 3.8. Let C’ be the right-hand side. Since A C ®T, we get
C C C'. Now for any 8 € ®T, there are by,...,b, > 0 such that 3 = bjay + -+ + bpav,. If ¢ € C’, then
(B,¢) =bi{a1,¢) + -+ + bp{ap, c) > 0, which shows ¢ € C. O

Example 4.2 (Regions of types A,_1 and B,). We already did most of the leg work at the end of
Section 1. The chambers of type A,_1 are the cones

{v eR™: Vr1) <VUr) < - < ’UT(n)}

as 7 varies over all permutations 7 € G,,. Each cone is linearly isomorphic to R’;Bl x R. In type B,, the

simple systems in Example 3.10 shows that the regions are of the form
{v € R": 0 < proy(1y < p2vre)y <+ < Pulr(n)}
as 7 varies over all permutations 7 € &,, and py,...,p, € {—1,+1}" o

The group W acts on the set of regions R(W). For every w € W, wtbg is also a positive system as
w<I>(T = ®N H,,. Likewise, if Ag C <I>g is the associated simple system, then wAq is a simple system for
all w € W. The next thing that we want to verify is that every positive (and hence simple) system is of
the form u@ar for some w € W. Stronger even, we want to show that W acts simply transitive on the
chambers of A(W), that is:

THEOREM 4.3. Let ®T be a positive system. Then there is a unique w € W with ®T = wq)ar.

Let C € R(W) be a chamber. A hyperplane H € A(W) is a wall of C if span(C N H) = H. If
C = HBZ1 N---N H,é%n is simplicial and f31,..., B, linearly independent, then Hg, is a wall of C' for each
1=1,...,m.

If H is a wall, then FF = C N H is a facet (or panel) of C. For every facet F' of C there is a unique
chamber C' € R(W) with FF = CNC’". We call C and C’ adjacent. A hyperplane H € A(W) separates
a chamber C from C’ if C' and C’ lie on different sides of H. If C,C’ are adjacent, then span(C N C’) is
the unique hyperplane that separates C from C’. We call Cy,Cs, ..., C} of distinct chambers a gallery if
C;, Ciq1 are adjacent for 1 <14 < k.

Proposition 4.4. Let C,C’ be regions of the reflection arrangement A(W). If C,C" are adjacent with
separating hyperplane Hy, € A(W). Then so(C) = C'.

PROOF. W acts on A(W) and hence on the regions R(W). In particular s, fixes the facet CNC’ C H,
pointwise. As s, exchanges HS and H_, this proves the claim. O

PROOF OF THEOREM 4.3 — EXISTENCE. Let Cy and C' be the chambers corresponding to the positive
systems @ and ®T, respectively. Pick points p € C§,q € C° such that the segment [p,q] = {p+A(g—p) :
0 < X\ < 1} does not meet any of the finitely many codimension-2 subspace H N H' for H, H' € A(W) and
H # H'. Let Hp,,Hp,,...,Hp, € A(W) be the ordered sequence of hyperplanes that meet the segment
[p,q] in distinct points. This means that there are chambers Cy,Cq,...,Cr = C that meet [p,q] such
that C;C;_1 are adjacent and separated by Hpg, for i« = 1,...,k. It follows from Proposition 4.4 that
Ci = 55,(Ci—1) for i = 1,...,k and hence C = wCj for w = sg, ---sg,; see Figure 3. On the level of
positive systems, this means @ = w®. O
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F1GURE 3. Illustration for proof of Theorem 4.3.

This proof paints a very geometric picture that we can also use to give an alternative proof of Theorem 3.12.

GEOMETRIC PROOF OF THEOREM 3.12. It suffices to show that every sg for 8 € ®* can be written as
a product of simple reflections. As before let Cjy be the chamber corresponding to Ag and pick points p € C§
and ¢ € Hg such that the segment misses the finitely many codimension-2 intersections of hyperplanes in
A(W). We again obtain a sequence of chambers Cy, C1, ..., Cy such that Hg is a wall for Cj, (but for none
of the other chambers). If k = 0, then Hpg is a wall of Cj and hence € Ay and sg is a simple reflection.

If £ > 0, then let Hg, be the hyperplane separating C;_1 from C; and set 841 = 3. Moreover, let t; = sg,
be the reflection in Hg,. Note that t; is a simple reflection, that C;_1 = ¢;(C;) and hence t1 ---t;_1(Hg,)
is a wall of Cy. It follows that s; = t1to---t;_1t;t;i_1---tat1 is a simple reflection. By induction, we get
that t; = ;1 - -taot1s;t1to - - - t;_1 is a product of simple reflections. O

Let us harvest this geometric perspective further!

Construction 4.5. If w = sy1s2-- - s, for simple reflections s; = s,,, then define

t1 = s
tg = 81892851
tr = 8182 Syp_18;rSr_1'-*8281.

Then each t; is a reflection in the hyperplane Hpg, with B; = s1---si—1c;. Moreover
tktk—l t]. = 851898k
forall k=1,...,r. Most importantly, if we define
Cr = th(Cr-1) = tatg—1---11Co = s152---5:Co
for k = 1,...,r, then Cy,...,C. = wC is a gallery and t; is the reflection in the unique hyperplane
separating C;—1 and Cj.

As before let Cy be the chamber corresponding to <I>6r. Note that Cy C H,Bz for all 5 € <I>a“. For every
chamber C, let us write @ (C) = {3 € T : C C HBS} That is, @ (C) records the hyperplanes separating

C from Cy. Moreover,
c= () Hyn N H:
acdd (C) acdi\ot (O)

If C corresponds to the positive system @, then @ (C) = @4 N —®@T. We write n(C) := |®(C)| as the
number of hyperplanes separating C' from Cj.



4. REFLECTION ARRANGEMENTS AND THE LENGTH FUNCTION 15

Exercise 4.6. Let A be a collection of finitely many hyperplanes in V and R = R(A) its set of regions.
For any two regions C,C’ € R write n(C.C") for the number of hyperplanes separating C' from C’.

(1) Show that n defines a metric on R.

(2) Let p € C° and ¢q € (C")° be generic. Show that n(C,C") is the number of hyperplanes H € A
that meet [p, q].

(3) Let C' = Cy,CY4,...,Cr = C’' be a gallery and H; = span(C;_1 N C;) the walls along the gallery.
Show that if £ > n(C,C"), then there are i < j such that H; = H;. N

Let Cp be the chamber for &7 and w € W. We define ®{ (w) := ®§ (wCp) and n(w) := n(wCy).

Lemma 4.7. Let w = sy -+ s, such that n(w) < r, then there are i < j such that

w:sl/s\zgjsT’
where 5; and 55 stands for omission.
PRrROOF. Consider the gallery Cy,...,C, of Construction 4.5 for w = sy ---s,. If r > n(w), then the

gallery traverses a hyperplane twice by Exercise 4.6. That is, t; = t; for some 7 < j but this means
8100 8i—18;8i—1""81 = 81" 8-18iSi41 """ 5j—155Sj—1"""Si+18iSi—1""" 51,

which reduces to

§1°°°8i—1 = S1°°°8;—18iSi+1""*Sj—1558j—1"""Si+1,
which reduces to

81 8—-18i+1" " Sj—1 = S1°°°8—-15iSi+1 " S5j—15;5 . U
By Theorem 3.12 for every w € W there are ai,...,a € Ag such that w = so, -~ 54,. If k is minimal,

then we call s, -+ 34, a reduced expression for w and define the length of w (relative to Agp) as

l(w) = k.
Proposition 4.8. Let w e W.

(i) £(e) =0 and E(w) =1 if and only if w = s4 for some o € Ay.

(i) £(w) = L(w1).
(iii) L(ww') < l(w) + L(w').
(iv) l(sqw) = l(wsq) = L(w) £ 1 for all o € Ay.

k

PROOF. (i) is clear. For (ii): If w = 84, - - Sa,, then w™! = s4, - -+ 84,, Which shows £(w™!) < £(w).

Since w = (w™1) 7!, we also get £(w) < £(w™!). For (iii) just compose reduced expressions for w and w’.

For (iv), first note that [{(sqw) — £(w)| < 1. Now det(s,) = —1 (as H,, is the eigenspace to the eigenvalue
1 and (H,)" = Ra is the eigenspace to eigenvalue —1). Thus det(w) = (—1)“®). This implies £(sqw) #
L(w). O

The next theorem gives a geometric interpretation of the length function.
THEOREM 4.9. Let W be a finite reflection group with simple positive systems Ay C @a‘. For all w e W,
we have £(w) = n(w) = |®F Nw=H(—0F)|.

PROOF. Let w = s159--- s, be a reduced expression with simple reflections s, ..., s,. Then there are
at most r distinct hyperplanes in the gallery of Construction 4.5 that separate Cy from C, = wCy. By
Exercise 4. 6 we obtain n(w) = n(wCy) < r = £(w). However, if n(wCy) < r, then Lemma 4.7 yields
w =81 - ---5j -+ s, which contradicts the assumption that the expression was reduced. O

PROOF OF THEOREM 4.3 — UNIQUENESS. Assume that there is w € W such that w®] = ®J. But
this means that n(w) = 0 and by Theorem 4.9 we get w = e. O

The following deletion condition follows directly from Theorem 4.9 and Lemma 4.7.
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Corollary 4.10. Let w € W and s, a simple reflection.

(1) U(wsy) = L(w) + 1 if and only if wa € Bf .

(2) U(wsy) = £(w) — 1 if and only if wa € —PF .

(8) (Deletion Condition) Let w = s1-- -8, be a product of simple reflections. If the expression is not
reduced, then there exist indices 1 <1 < j <r withw = 81---5;---5j -+ p.

(4) (Exchange Condition) Let w = s1---s, be a product of simple reflections and s some simple
reflection. If (ws) < L(w), then there is 1 < i <71 withw = s1---5;---Sps. In particular, w has
a reduced expression ending in s if and only if {(ws) < £(w).

Exercise 4.11. Proof Corollary 4.10. S

Exercise 4.12. Let W be a finite reflection group with simple system A and length function ¢ relative
to A.

(1) Show that there is a unique element wy € W of maximal length. This is called the longest
element of W relative to A. What is the length?

(2) Show that wyp is an involution, that is wi = e.

(3) Prove that in every reduced expression of wy, every simple reflection must occur at least once.

(4) Let w with reduced expression w = sy ---s,. Show that there is a w’ with reduced expression
w' = Sp41--- Sy such that s+ 8,811 8y, is a reduced expression for wy.

(5) Show that for every w € W there is a simple system A such that w is the longest element.

5. Fundamental domains and parabolic subgroups

For a group G acting on a space V, a fundamental domain is a nice (e.g. connected) subset D C V
such that D meets every orbit Gv for v € V' in a unique point. Fundamental domains for arbitrary group
actions might be tricky. For example, if G acts on V = R? by rotation of 5, then a fundamental domain
is given by

D = {(0,0)} U{(2,0): 2 > 0} U{(z,) : 2.y > 0}

see Figure 4. This set is neither open nor closed and it can be shown(?) that there is no nice connected
fundamental domain for this action. The situation for finite reflection groups is rather different. If, for
example, W = {e, 5o}, then HZ or HS acts as a fundamental domain, which is as nice as possible (closed,
convex).

Y

Vs

—— H,

FIGURE 4. Fundamental domain for a rotation group acting on the plane. The blue points
are in one orbit. The reddish point, half line and positive orthant are a fundamental
domain.

THEOREM 5.1. Let W be a finite reflection group. Then any C € R(W) is a fundamental domain.

PROOF. Let Cy € R(W) be a chamber with simple system Ag. For v € V' we need to show that Wov
meets Cp in exactly one point. To see that there is w € W with wv € Cy, let C' € R(W) with v € C. By
Theorem 4.3, there is a unique w € W with C' = wCy, that is, Cp = w™'C and w™v =: p € Cp.
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Assume that there is w’ € W with w'v € Cy. This means that p := w'v € Cy and wp =: q € Cy. If p is in

the interior of Cy, then so is ¢ and wCy = Cj but this can only happen for w = e. Thus, p,q € 9Cy. We
wish to prove that p = q.

Co tp

Let C' = wCy. We prove the claim by induction on ¢(w), the number of hyperplanes separating Cy from
C. Observe that Cp N C' # @ as both contain g. We claim that there is a wall Hg of C that separates
Co from C and ¢ € C'N Hg. If not, then every wall H of C' that contains ¢ satisfies Cyp C H Z but this is
absurd!. Now C” = s3(C) also contains ¢ and hence sgwp = ¢ and £(sgw) < ¢(w). The result now follows
by induction. O

As an upshot of the proof, we can determine the isotropy group (or stabilizer group) W, := {w €
W : wv = v} for every point in V. For v € Cj, the induction actually proves that if we let J := {a € Ap :
v € Hy,}, then W, is generated by the reflections {s, : « € J}. Conversely for any J C A, the subgroup
Wy = (sq : a € J) is the isotropy group for all points in the linear subspace Ly := ,c; Ho- We call W;
a standard parabolic subgroup relative to the simple system Ag. For any w € W, we call wW w™?
a parabolic subgroup. That is, W’ is a parabolic subgroup if W’ is a standard parabolic subgroup for
some simple system A.

Since for any v € V, there is w € W with wv € Cy, we deduce.
Corollary 5.2. Fvery isotropy group is a parabolic subgroup.

Exercise 5.3. Find an example of a reflection group W and a subgroup W’ C W that is generated by
reflections but that is not a parabolic subgroup. SN

We can make use of parabolic subgroups to study the length generating polynomial
W = Y .
weW
Example 5.4 (Dihedral groups). For the dihedral group D,,, we can compute by inspection
Dp(q) = 1+29+2¢*+-- +2¢" " +¢™
Let us define [n], :=1+q+¢* + -+ ¢" 1, the ¢g-integer. Then

Dn(g) = A+)(1+qg+¢+-+q"") = [2lg[ml,. o

To be able to compute W(q), we want to use that for W7, we can decompose W into cosets wW;. If we
can find suitable coset representative on which the length function is additive, then this might pave the
way for an inductive procedure.

We defined W7r as the reflection group defined by a subset of simple reflections. It follows from Exercise 3.1
that ®; = ® Nspan(]) is a root system for W with simple system I. Relative to I, we can define a length
function £ on Wr.

Proposition 5.5. We have {;(w) = {(w) for any w € Wr.
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PROOF. We recall that £(w) = [{3 € @ : w3 € —®T}|. For 8 € @\ ®f and B = Y A cacx With
Co > 0, there is some v € A\ I with ¢, > 0. Thus, for all a € I, the coefficient of v of s, (f3) is still positive.
Thus, for w € W; and 8 € ®*, this means w8 € —®7 if and only if 8 € ®]. Hence {;(w) = £(w). O

For I C A define

W = {weW: lwsy) > l(w) for all « € T}.

Lemma 5.6. For every w € W there is a unique v € W' and v € Wy such that w = wv and {(w) =
(u) +L(v).

PROOF. For w € W, let u € wW; with ¢(u) minimal and write uv = w for v € Wy. Let u = s1--- s
and v = Sg41 - Sgt; be reduced expressions. If uv = s1---SkSk+1 -+ - Sk 1S not reduced, then by the
Deletion Condition of Corollary 4.10 there are 1 < i < j < k + [ such that s; and s; can be removed
without altering uv. Now j < k or k < ¢ would contradict the reducedness of the expressions for u and
v. Thus i < k < 7, but then this means that v/ = s;---5;---s, € wW is of shorter length. Hence
l(w) = L(uv) = £(u) + £(v). If there is another v’ € wW; = uW; with £(u’) = ¢(u), then u = u/v" for some
v' € W and the same argument shows ¢(u) = £(u') + ¢(v"). But then £(v) = 0 and v/ = e.

Since u is chosen of minimal length in wW;, this implies £(us) > £(u) for all s € I and hence u € W!. O

The elements in W/ are called minimal coset representatives. For X C W we define X(q) :=
Y wex ¢ Then Lemma 5.6 implies

Corollary 5.7. For any J C A

Let us interpret W/ geometrically. Recall that £(w™!) = £(w) and (ws,) ™' = sqw™!. Hence, we can write

Wl = {w™: l(sqw) > l(w)}.

The benefit of this small change is that according to Construction 4.5, {(sqw) > ¢(w) if and only if wCy is
not separated from Cy by the hyperplane H,. Hence W' is in bijection to all chambers C' € R(W) with
C CNaes HZ. Let R(W)! C R(W) be the collection of all these chambers. The reflection arrangement
A(W7) is a subarrangement of A(W). Every chamber C’ € R(Wj) is the union of chambers of C' of W
with C C C’. The distinguished region Cy € R(W) determines a distinguished region C{; € R(Wj) and
R(W)! are precisely the regions of W that make up C}). Figure 5 illustrates the situation for &,.
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231

c’(E(é) Pos

324)

FIGURE 5. Stereographic projection of reflection arrangement of G4. Permutations in
black. The six reflections in red. Fundamental region in marker pink. Simple reflections
for Wt in cyan. Black lines are reflection arrangement for Wi.

Whereas W is again a reflection group and we can hope to compute W;(q) inductively, the set W+ is not
a group. We can, however, still compute W+ (q) by inclusion-exclusion. For w € W define

Dr(w) = {a € A:l(wsy) < l(w)}. (2)

We call a € Dr(w) a (right) descent of w. By the Exchange Condition of Corollary 4.10, Dg(w) are
precisely those s, that occur as the final simple reflection in some reduced expression of w.

Example 5.8 (Type A,,_1). Recall that for 0 € &, ¢(0) is the number of inversions. For a simple
reflection s; = (i,7 + 1), 0 o (4,7 + 1) exchanges o(i) and o(i + 1) in the one-line notation. Thus, if
l(oo(i,i+ 1)) < £(o), then this means that o(i) > o(i + 1), that is, i is a descent as commonly defined
for permutations. o

For I C J C A, also define
D} = {weW:IC Dg(w)CJ}
Dr := DI ={weW: Dpw) =1}
w’ = D5V .

Note that the last line is not a definition but a straightforward consequence of the definition of W+. Note
also that

D} = L—Ij Dg and thus Dji(q) = Z Dk(q) .
ICKCJ ICKCJ
Proposition 5.9. For [ CJ CA
Di(q) = > (—)VEIwRE(g).
J\ICKCJ

ProOOF. Note that for any K C J, we can combine above insights to get

WA\ (q) = DE(q) = ) Dr(q).
LCK
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Thus
Yo ()\EIwAEg) = S D) Y (-

INCKCJ LCJ (J\[)UL CKCJ
Using the binomial theorem, we get that the last sum is 1 if and only (J\I)UL = J, thatis, I C L C J.

Hence
S (=KW A () = 3" Dr(q) = Di(q). D
JNICKCJ ICLCT

For the next result we need the fact that relative to A, there is a unique element wy € W with £(wgy) =
|A(W)|. This is the longest element of Exercise 4.12.

Corollary 5.10.

(1)l - gAl
[gA Wi(e) — W)

Wil 1
(—1)I¥] = :
KZC:A [Wk| W

In particular for all I C A

ProOF. Take I = J = A. Then Proposition 5.9 and Corollary 5.7 yields
W(q
= D) = Y ()RR = 3 ()RiwE(g = 3 (RO

KCA KCA KCA Wi (a)

For the symmetric group something amazing happens. If we compute the length generating function, we
get

Sn(q) = [nlgln =1]q---[2g[lly = [n)q! (3)
Exercise 5.11. For a permutation 7 € &,, define I(7) = (a1,...,a,) by a; := #{j > 1 : 7(i) > 7(j)}-
This defines a map I : &, = [n— 1] x [n —2] x -+ x [2] x [1].
(1) Show that I is injective. Hint: If I(c) = I(7), consider the maximal ¢ with o~1(¢) # 771(¢).
(2) Conclude that I is bijective.
(3) Prove (3) using I. &SN

This factorization into polynomials all whose coefficients are 1 happens for all finite reflection groups.

THEOREM 5.12. For any finite reflection group W' there are positive integers e, es, ..., e such that
Wi(q) = [e]qlea]q - [erlq-

6. The Coxeter complex

The reflection arrangement A(W) (and any arrangement, actually) induces a decomposition of the real
vector space V, that we want to study now. Recall that a polyhedral cone is a set of the form C' = {v €
V :{Bi,v) >0fori=1,...,m}. A linear hyperplane H, C V is valid for C if C C HZ and a face of C
is a subset F' = C'N Hy, where H, is a valid hyperplane. Note that every face of a cone is again a cone.
We also let F' = C' be a face. The dimension of a cone is dim C' = dim span(C).

For every J C [m], the set

Cyj:={velC:(B,v)=0forieJ}
is a face of C' with respect to the valid hyperplane Hg with § = ), ; 8;. Conversely, it can be shown
that every face is of the form C for some J.
If C is a simplicial cone, that is, if 31,. .., B, are linearly independent, then C'; = C if and only if J = .J'.
Moreover, dim C; = dim V' — |J|. That is, the codimension of C; is codimCy = dimV — dim Cy = |J|.
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This gives us an easy way to count faces of a simplicial cone. The number of faces of codimension k is the
coefficient of z* of the polynomial

fe(e) = 3 A = i@)zl = (12"

JC[m] =0
We'll see next why it is advantageous to use the codimension instead of dimension.

For our reflection arrangements A = A(W), the space V is decomposed into cones of various dimensions.
Let ®§ be a fixed positive system. For a point p € V, define k4 (p) := sgn{a,p) € {—1,0,+1} for each
a € (Pa“ . Then

c '_{UEV' (Kao,v) > Oforna7é0}

(o, v) 0 for ke =0

is a non-empty cone that contains p in its relative interior'; see Figure 6 for an example.

0,+,+)

>
Hy o (4,4,+)
(+,0,4)

Hy

H,

0,=-)

FIGURE 6. Decomposition of R? into faces of various dimensions by A. The f-polynomial
is fa(z) =6+ 6z + 22

Since all chambers of A are simplicial, the codimension of Cj is d(k) = [{a € &t : k, = 0}]. We
define the face vector or f-vector f(A) so that f;(A) is the number of cones C,, of dimension k, for
k=0,1...,n=dimV. We also define the f-polynomial as

fA(Q) = fn(A) + fnfl(A)q +eet fO(A)qn .
Now, if W is not essential, that is if if VW = {v € V : wv = v for all w € W} # 0. Then we can restrict
the action of W to U := (VW)L. Thus W is an essential reflection group in U with reflection arrangement

Aly. If F is a face of A, then FNU is a face of A|y. The faces change but the codimension is left
untouched.

For a reflection arrangement A = A(W), we can interpret fi(A) algebraically. Again, let A C &+ C &
be fixed and let C be the fundamental domain with respect to A. Let Wj; be a standard parabolic
subgroup generated by s, for a € J C A. Recall that the rank of W is the codimension of the fixed
space VW7 = L; = N,c; Ha, which is precisely |.J|. Moreover J is a simple system for W, which we can
identify with the face

C7 == {v:{a,v)=0foral acA\J (av)>0foralacJ},

which has codimension |A \ J|. Note that w.J is a simple system for the parabolic subgroup wW w=" of
the same rank and w.J is identified with wC?. Let <I>}r = ®* Ncone(J), which is a positive system for .

Then
¢/ = () H;n () Ha.

aEPosy a€dPT\Posy

aed

IThat is, the interior of C\ relative to the linear subspace [ H

Koq=0 72"
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Hence wC” = C7 if and only if w € Wa\s and hence wC”’ for w € WA\ represent the distinct simple
systems for the parabolic subgroups that are conjugate to Wy, that is, wWj w ™! for w € W. Therefore
(fa(w))k is the number of simple systems of parabolic subgroups of rank k. For example for k = n, we
have J = A and W; = W. The number of simple systems is the number of regions of A(W), which is
W = W¥9. At the other extreme k = 0, we have J = @ and W; = {e}. This group has only one simple
system represented by (A(W) and W2 = {e}. In summary

faony(@) = D w2V g,
JCA
Example 6.1 (Dihedral groups). Let D, be the dihedral symmetry group of an m-gon. The arrangement
A, = A(D,,) has m lines. The f-vector is then f(A,,) = (1,2m,2m). o

Example 6.2 (Type A,_1). For every p € R”, there is a unique ordered set partition M = (M, ..., My)
with My U--- UMy, = [n], M, # @ and M, N My = @& for all » < s. Such that

(1) p; = pj if and only if 4, j € M; for some [;
(2) pi <pjifand only if i € M,, j € M, with r < s.

The cone containing p is precisely the set of v € V' that give rise to the same set partition. The dimension
of the cone is k, the length of the partition. The number of such unordered set partitions of n with k parts
is counted by the famous Stirling numbers of the second kind S(n, k). They are given by S(0,0) = 1,
S(n,k)=0for k >n or k=0 and

S(n,k) = kS(n—1,k)+Sn—1,k—1).

Here is a table

S(n,k)|k=1 2 3 4 5 6
n=1 1

2 1 1

3 1 3 1

4 1 7T 6 1

5 1 15 25 10 1
6 1 31 90 65 15 1

It follows that fi(A) = k!lS(n, k), as we have k! ways to arrange the k parts of the partition. For example,
for n = 3, we get f(A(S3)) =(0,1,2!-3,3!-1) = (0,1,6,6), which is the f-vector for D3 but the triangle
is embedded in 3-space. For n = 4, we get

f(A(G3)) = (0,1,14,36,24). o
Exercise 6.3. Show the following identities of formal power series

(1) For fixed k >0

k
x
S(n,k)z™ = .
72 (1—2)1—2z)---(1—kx)
(2) For k>0
" 1, .
DSk = (e =1,
n>k ’ ’
where e =3, %},L SN

We will compute the f-vector or rather the f-polynomial of a simplicial arrangement A by a technique
called half-open decomposition. Let Cy be an arbitrary but fixed region. For any region C' € R(A) let
S(C) be the collection of hyperplanes H € A that separate C' from Cy. We define

C:=C\ U H.

HeS(C)
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We call C a half-open cone. Note that 60 = (9 and that the half-open cone of —Cj is the interior of
—Cy.

Lemma 6.4. Let A be a hyperplane arrangement with regions R(A). Then

v= W C
CeR(A)

PRroor. Let p € C§ be arbitrary but fixed. Let v € V be an arbitrary point. If v € C° for some
region C', then C is unique region containing v. Otherwise, consider ¢ := v — e(v — p) for ¢ > 0. For
e > 0 sufficiently small, ¢ is contained in the interior of the unique C' € R(A) for which v € 9C. Let
H, € A be a hyperplane containing v and assume that Cy C H§ Then (a,v) = 0 and, by construction,
(a,q) = e{a, p) > 0, since p € C5. Thus C C HZ. This shows that v € C.

Assume that C’ is another region with v € 9C’. Then there is a wall H of C’ separating C’ from C. By
construction of C, we have that ¢ and and p lie on the same side, that is, H separates C’ from Cjy and
hence v & C'. g

F1GURE 7. Half-open decomposition.

Let C = {v : {(a;,v) > 0fori =1,...,n} such that all H,, are walls of C. Let D = D(C) := {i : Cy C
H}. Then

C = {v:{av)>0fori¢ D and (a;v) >0 for i € D}.
The faces of C are precisely those faces F' of C that do not lie in any of the hyperplanes H,, for ¢ € D.
If C is simplicial, then they are easy to count:

faz) = Y M= —zmIol

JC[m]\D
Note that if 0 < |D(C)| < m and we define the h-polynomial
ha(z) = > 2" PON = hy (A) + hy 1 (A)z + -+ ho(A)2™

CeR(A)

THEOREM 6.5. Let A be a simplicial hyperplane arrangement with base region Cy € R(A) and h-polynomial
ha(z). Then
fa(z) = ha(z+1)

PROOF. It follows from Lemma 6.4 that for every face F' of A, there is a unique C' € R(A) with
F C C. Thus

faz) = D falm) = Y0 Aam POl = N T (A) (L 2 O
k=0

CeR(A) CeR(A)
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Our notation does not emphasize which base region we selected for the computation of the half-open
decomposition or h4(z). But it does not matter.

Corollary 6.6. The h-polynomial is independent of the base region Cy.

PRrROOF. Note that h4(z) = fa(z —1). O

Corollary 6.7 (Dehn—Sommerville equations). If A is an essential simplicial arrangement in n-dimensional
space, then ha(z) = z”hA(%), that is,

hp(A) = hypk(A)

PRrROOF. A wall of C separates C from Cj if and only if it does not separate C' from —Cj. Thus, the
h-polynomial with respect to —Cj as the base region is precisely

Z LD — ha(l).
CeR(A)

Since the h4(z) is independent of the choice of a base region now complete the proof. O

Note that we can express the h-polynomial of a reflection arrangement A(W) algebraically as follows.
Recall from (2) that o € A is a right descent of w € W if {(ws,) < {(w) and Dg(w) is the descent set
of w. By the Exchange condition of Corollary 4.10, @ € Dg(w) if and only if there is a reduced expression
that ends in s,. Using Construction 4.5, this means that ¢ := ws,w ™" is a reflection in a wall of wCy that
separates wCy from Cy. That is

[D(wCo)| = [Dr(w)].

We write d(w) := |Dgr(w)| and define the Eulerian polynomial

Aw(z) = Z Z4w)

weW

The naming is inspired by the Eulerian numbers A(n, k) that count the number of permutations o € &,,
with k descents, that is, indices 1 <4 < n with o(i) > o(i + 1). For example

Ag,(2) =14 42422 Ag,(2) =14+ 11z +112% + 1;

see Figure 8.

F1cURE 8. Half-open decomposition for reflection arrangement of symmetric group
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7. Classification of finite reflection groups

In this section we will classify all the finite reflection groups. For that we will first seek a compact way to
encode reflection groups. Let W be a reflection group that acts essentially on the n-dimensional real vector
space V. Let ® be a root system consisting of vectors of unit length and let A = {a;,...,a,} be simple
system. Remember that sq,,sq, for i # j generates a rank-2 reflection group Diy,,; for some m;; > 2.
Since a;, oy is a simple system for D,,,;, we have that Sa;Sa; 18 a rotation by 7721—7; Hence (saisaj)mij =e
and

(i, a5) = —cos T,
mi;

We define the Coxeter matrix M = (m;;); j. Let denote the Gram matrix of the simple system by A
with entries

s

A — (o o) = — 4

ij (0, aj) cos my (4)

where m;; = 1 and A;; = 1. Up to labelling the individual roots, the matrix A is independent of the

choice of a simple system. It is more customary to record M by defining the Coxeter graph I', which

is a simple undirected graph on nodes [n] = {1,...,n} such that ij is an edge iff m;; > 2. The edge ij
carries an edge label m;; iff m;; > 3.

We call W irreducible if the Coxeter graph is connected. For example the Coxeter graph of the dihedral
group I5(2) consists on two isolated nodes. If Vi W VoW - WV}, = [n] are the node sets of the connected
components of I', then Wy, = (s; : i € V},) defines a (standard) parabolic subgroup and W = Wp x Wy x
-+ x Wy. Hence, it suffices to classify the irreducle reflection groups. Figure 9 shows the Coxeter graphs
for the dihedral groups as well as the groups of types A, and B, and some more.

m
I(m) —@
.—.—I—.—. -
F, o———0
4 o—o—e o—o—o Ee
nan - T -
H—I—.—.—. :
H; o—o—@
B 4 E7
11,2712 - T -
| H, o——0—e—e
D oo—a Es
112n4 -

FIGURE 9. Coxeter graphs of all reflection groups.

The Coxeter graph is connected if and only if the Gram matrix A is indecomposable, that is, if there is
no partition /@ J = [n| such that A;; =0 foralli € I,j € J. Moreover, as a Gram matrix, A is symmetric
and positive semidefinite, i.e., 2! Az > 0 for all z € V. Moreover, A is positve definite if additionally
x' Az = 0 implies « = 0.2 We need the following lemma from matrix theory.

Lemma 7.1. Let A be an indecomposable and positive semidefinite matriz such that A;; <0 for all i # j.

a) ker A = {z: 2! Az = 0}

b) dimker A <1 and if = 1, then ker(A) is spanned by a vector with all entries positive.

c) The eigenspace for the smallest eigenvalue is 1-dimensional an spanned by vector with strictly positive
components.

2Yes, we should consistently write (x, Az) but this is too much.
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PROOF. a) Since A is positive definite and hence the Gram matrix of some vector configuration, there
is G with A = G'G and hence 2! Az = ||Gz|>. Thus, if 2'Ax = 0, then Gz = 0 and hence Ax = 0. The
direction Az = 0 implies 2! Az = 0 is clear. (Here we used the positive semidefiniteness.)

b) Let « € ker A with x # 0. Define z by z; = |x;|. Then

0 < ZtAZ = Z|$Z’AU’1’J‘ < inAij:cj = 0,

1,J 1,J

where we used A;; < 0, we conclude that Az = 0. Define I := {i : z; = 0} and J := [n] \ I. For every ¢,

we have
0= ZAZ']‘ZJ'.
jeJ
Again, since A;; < 0 and z; > 0 for j € J, we get A;; =0 forall 7 € I and j € J. Since A is assumed
to be irreducile, this means I = &. This shows that z > 0. In fact the argument shows that every x # 0
with Az = 0 has to have all coordinates nonzero. However if there is 2’ € ker A linearly independent from
x, then ax 4+ Bz has a zero component for some «, 5 € R. This shows b).

For ¢), we note that if A > 0 is the smallest eigenvalue, then A" := A — Al is still positive semidefinite,
irreducile and non-positive off-diagonal entries. The kernel of A’ is the eigenspace of A and is 1-dimensional
by a). O

Every graph I' on nodes [n] with edge labels m;; > 3 gives rise to a matrix Ar as defined (4). We call
I" positive (semi)definite if Ar is positive (semi)definite. A subgraph I" is obtained from I" by deleting
nodes together with incident edges or decreasing the label on some edges.

Proposition 7.2. Let ' be a connected, positive definite graph T, then every subgraph T is positive
definite.

PROOF. Suppose first that I is obtained by only deleting nodes and let J C [n] be the node set of I".
The matrix Ar is obtained from Ar by restricting to rows and columns indexed by J. In particular, if Aps
is not of full rank, then by Lemma 7.1a), there is an = with supp(z) = {i : 7; # 0} C J and x'Arz = 0.
But if z # 0, then it follows from Lemma 7.1b) that J = [n], which shows I' = IV and I" was positive
definite.

Thus, it suffices to assume that I has the same node set but m;j < myj for all edges ij. That is,

) = A;j. Now if there is = # 0 with 2? A’z < 0, then we compute

Aij = —cos(miij) < —cos(nff;j

0 <> ayjlallz] < djjlallry] < ) ajmiz; < 0.
i3 1,7 2%

The vector z of absolute values of = thus satisfies 2! Az = 0, which contradicts our assumption that I and
hence A = Ar is positive definite. O

THEOREM 7.3. The only connected, positive definite graphs are those in Figure 9.

PrOOF. 1. I' is a tree (i.e. does not contain a cycle).
The matrix A of a cycle with all edge labels m;; = 3 consists of cyclic shifts of the row (p, 1, p,0,...,0),
where p = —cos(%5) = —%. Hence 1°A1 = 0 and a cycle cannot occur as a subgraph.

This means that I is a tree.
If I is not of type A,, then it has node of degree > 3.

2. ' has no node of degree > 4.
Otherwise, we could find as a subgraph, the graph IV with nodes 1,2, 3,4,5 and edges i5 for i = 1,...,4.
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The corresponding matrix Ap is

—_
—_
[

—_
—_
[

D[ DO DO 0|

—_

which is not positive definite.

2. I' has a unique node of degree = 3
The following illustrates the situation and hints at a generalization

2221 |
l 2234 ¢ %
t ¢ 2 | =4
3z 4 ;/o Sl T
327z | z
¢ AL
: * S
S| 2 [ 3-3
¢ 2
* -z

3. The three paths starting at the branch point cannot be all > 2 long. The following illustrates
the situation

32121 2|
7 23 L s 6%
[ S A S |
2 2 2
¢ 2[4 173
1
H I .
2 z | L 5 ¢z | 72
s -1
cti e
z 2!

In a similar manner, one checks that the following subgraphs cannot occur® :

A =20 ~ I
Ey
A(n32) A Es o—o—i—o—o—o—o—o

8,=G o4odo Fa o——o—o4o0—0
Ba(n>3) :>o——o cer 0—o0do & o—ofo
G (n23) odo—0 v+ 0—0do

5
Zy o—o—o—o0

Dnn24 >)—<> oee o—<:

g Zs 02 o—0—0—0
A

This shows that if W is a finite reflection group, then its Coxeter graph has to belong to one of the 10
types shown in Figure 9. To construct a finite reflection group for each of the 10 types, let I' be one of
these on n nodes. The matrix A = Ap € R™" is positive definite and there is a factorization A = G'G
for some full-rank matrix G € R™*™. Let aq,...,a, be the column vectors. Note that A; = 1 and all

g

3The figure is taken from [7]
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oy are unit vectors. Define hyperplanes H; = H,, and reflections s; = s,, and let W be the subgroup of
GL(R™) generated by these reflections. Using the fact that (o, ;) < 0 for all i # j we can employ ideas
similar to those of Section 3 to show that for every «;, the orbit Wey; is finite. If we let ® be the union
of all these finite orbits, then this allows us to show that W — &(®) is a monomorphism and hence W is
finite; cf. Exercise 2.3.

THEOREM 7.4. The irreducible finite reflection groups are, up to isomorphism, in one-to-one correspon-
dence with the Coezeter graphs of Figure 9.



CHAPTER 2

Arrangements and simpliciality

The beginning of this chapter essentially follows the first chapters of the book Arrangements of Hyperplanes
by Orlik and Terao [8].

1. Arrangements of hyperplanes

Definition 1.1. Let K be a field, ¢ € N, and V := K’ An arrangement of hyperplanes (or /-
arrangement) (A, V) (or A for short) is a finite set of hyperplanes A in V.

Example 1.2. Let K = F; be a finite field and V = IFf;. The set of all linear hyperplanes in V' is an
arrangement of hyperplanes.

Remark 1.3. Let ey, ..., ey be a basis of V and z1,...,xy € V* be the dual basis. The symmetric algebra
S(V*) is a polynomial algebra K[z1,...,xy].

Each hyperplane H in an arrangement is the kernel of a linear form apy (= polynomial of degree 1 in
S(V*)). However, for any unit a € K*, the linear form a- oy defines the same hyperplane. So in a certain
sense, an arrangement of hyperplanes may equivalently be defined as a set of points in the projective space

P(V*).
Since ag is defined only up to scalars, it will be convenient to write
f=g & JaeK*: f=a-g
Definition 1.4. Let A be an arrangement and write ayg, H € A for defining linear forms. The product

Q(A)= H ag

HeA
is called the defining polynomial of A.

FIGURE 1. The arrangement of type As.

Example 1.5. The arrangement A of type A3 has 6 hyperplanes in V = R3 (see Figure 1). With respect
to the standard basis x,y, z of V*, the hyperplanes of A are the kernels of the linear forms
(1,0,0),(0,1,0),(0,0,1),(1,1,0),(0,1,1),(1,1,1).
We have S(V*) = K|z, y, z] and
QA) =zyz(z+y)(y+2)(z+y+2).
29
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Example 1.6. The arrangement in V = K defined by

is called the boolean arrangement.

Example 1.7. For 1 <i < j </{let H; j = ker(z; — xj). The arrangement in V' = R? defined by

1<i<j<t
consisting of all the hyperplanes H; ; is called the braid arrangement.
Exercise 1.8. Compute the number | A| of hyperplanes for the arrangements in examples 1.6, 1.7, 1.2.
Definition 1.9. Let A be an arrangement. The set

L(A)::{ﬂ H|UgA}

HeU

is called the intersection lattice of A. It is partially ordered by reverse inclusion:
X<Y <= YCX, forX,YelL(A.

If X € L(A), then the rank r(X) of X is defined as r(X) := £ — dim X, i.e. the codimension of X and
the rank of the arrangement A is defined as r(A) := 7(T'(A)) where T'(A) := (e H is the center of A.
The arrangement A is called central if 0 € H for all H € A.

An (l-arrangement A is called essential if r(A) = ¢.

Example 1.10. The braid arrangement A is not essential:
T(A) ={((1,...,1)), 7r(A)=¢—dim(T(A))=¢-1.

Example 1.11. Recall the arrangement A of type As. It is essential and of rank 3. The intersection
lattice consists of 0, V', H € A and the subspaces generated by

(0,0,1),(0,1,0), (1,0,0), (0,1, 1), (1,0, 1), (1, —1,0), (1, —1, 1).
Definition 1.12. Let A be an arrangement. For X € L(A), we define the localization
Ax ={He A| X CH}
of A at X, and the restriction of A to X, (AX, X), where
AY . ={XNH|HeA\Ax}.
Example 1.13. Localizations and restrictions in the arrangement of type As (Picture).

Definition 1.14 ([8, 2.13, 2.15]). Let (A1, V1) and (Ag, V2) be arrangements. The product of 4; and
Ay is the arrangement (A; x Az, Vi @ Va) where

./41XAQIZ{H@VQ|H€A1}U{V1@H|H€.AQ}.

An arrangement (A, V) is called reducible if there exist arrangements (Aj, V) and (Asg, Va) such that
(A, V) = (A1 x Az, V1 & V). Otherwise (A, V) is called irreducible.

Example 1.15. The arrangement in Figure 2 is called a near pencil. It is reducible.
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<

FIGURE 2. A near pencil arrangement.

\ [/

2. Simplicial arrangements
Definition 2.1. Let £ € N, V := R, and A an arrangement in V. Let K(A) be the set of connected

components (chambers) of V\ | Jyc 4 H. If every chamber K is an open simplicial cone, i.e. there exist
af,...,a) € V such that

l
KZ{ZGM;/|G¢>0 for all z’:1,...,£}::<a¥,...,a;>>0,
i=1

then A is called a simplicial arrangement.

FIGURE 3. A simplicial arrangement in R?, a representation of a simplicial arrangement
in R3 in the projective plane.

Example 2.2. (1) Figure 3 displays examples for £ =2 and ¢ = 3.
(2) Let W be a real reflection group, R C V* the set of roots of W. For a € V* we write a' = ker(a).
Then A = {a | @ € R} is a simplicial arrangement.

Theorem 2.3 (Deligne, 1972). The complement of a complexified finite simplicial arrangement is K (7, 1).

For dimension three, there is a catalogue of known simplicial arrangements [6] and we have a complete list
of simplicial arrangements with at most 27 lines [2]|. There are a little less than 100 “sporadic” arrangements
in the catalogue. For most of them, we have no satisfactory explanation yet. H.S.M. Coxeter writes

“l...] the diagrams which profess to portray these known polygrams are strangely unintelligible.”
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3. Characteristic polynomial and deletion-restriction

Definition 3.1. We write ®, for the empty arrangement in V = K*.

Definition 3.2 ([8, 1.13, 2.25]). Let A be an arrangement in V' = K*. The M6bius function of L(A)
is the map p : L(A) — Z defined recursively by

p(V)=1, > uZ)=0 itV <Y eL(A).
Z<Y
The Poincaré polynomial 74 € Z[t] of A is defined by
malt) = Y X))
XEL(A)
The characteristic polynomial y 4 € Z[t] of A is defined by
xa(t) = t'ma(=t7h) = D p(x)etm,
XeL(A)

Example 3.3. Let A be an arrangement in V. Then u(V) =1, u(H) = —1forall H € L(A). If r(X) = 2,
X € L(A), then u(X) = |Ax| — 1.

Example 3.4. Mobius function of the arrangement A of type As. The characteristic polynomial is
xa(t) = (t—1)(t —2)(t — 3), the Poincaré polynomial is w4 (¢) = (1 + ¢)(1 + 2¢t)(1 + 3t).

Exercise 3.1. Let A be the boolean arrangement given by Q(A) = z; - - - 2. Prove that pu(X) = (—1)"X)
for X € L(A). S

Definition 3.5. Let A be an arrangement in V and H € A. Then (A, A’ = A\{H}, A" = A7) is called
a triple of arrangements with respect to H.

Lemma 3.6. Let A be a central arrangement. Then

rat) = 3 (1)l =ty ®),

BCA
PRrROOF. Let X € L(A). We write
S(X) = {BCA|T(B) =X}, v(X):= Y. (-1
Note that we have a partition
(BCA|BC Ay =
Thus (V) = (-1)I?l =1, and if V < X,

RN EIEED WETLEY

Z<X Z<X BeS(Z BCAx

Z<X

since Ax # @. But this means that v satisfies the same recursion as u, hence v = . Now
= Y M0 = S )
XeL(A) XeL(A)BeS(X)

If Be S(X), then r(B) = r(X) since T'(B) = X. Since every B C A occurs in a unique S(X), we obtain
the claimed formula. O

Theorem 3.7 (Deletion-Restriction). Let (A, A, A”) be a triple of arrangements. Then

malt) = Ta(t) +tmar(t), xalt) = xar() — xar(t).
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PROOF. (compare |8, Thm. 2.56]) Let H be the distinguished hyperplane in the triple; we use
Lemma 3.6:

rat) = S DE® = 3 0By ® Y () ®

BCA H¢BCA HeBCA
= mat)+ Y (=D)F(=)®)
HeBCA
For the second summand, we apply the proof of Lemma 3.6 to the arrangement A” in the vector space H:
We write S”"(Y)={BCA|T(B)=Y, H € B} for Y € L(A”). Then

mA(t) —ma(t) = Z (_1)|B|(_t)7“(8)

HeBCA

=YY (™

YeL(A")BeS"(Y)

- Z Z —1)IBMHH () (—g)r )1

YeL(A”)BeS"(Y)

— Z Z \B\{H}\ )( )—1
YeL(A”)BeS"(Y)

= tran(t)

where the last equality is Lemma 3.6 for the arrangement A” (note that the rank decreases by one in the
restriction because dim V' =1 + dim H and hence r(Y) = 7"(Y) + 1):

Z (—1)BMH — Z Z (—1)IBMH — Z (—1)8"]
Bes"(Y) B'CA", T(B")=Y HEBCA, BH=B" BI'CA", T(B")=Y

by Exercise 3.2. The recursion for the characteristic polynomial immediately follows from the one for the
Poincaré polynomial. 0

Exercise 3.2. Let A be an arrangement, Hy € A, and A” := A0 be the restriction of A to Hy. Show

that for B” C A",
(-1 4 > (—1)Bl = 0.

HoeBCA, BHo=p"

Theorem 3.8 (Zaslavsky, 1975). Let A be an arrangement in R”. Then
KA = (=1)"xa(=1).

PrOOF. Let (A, A, A”) be a triple of arrangements with respect to H. Denote P the set of those
chambers in K(A") which intersect H, and @ the set of those chambers in K(.A’) which do not intersect H,
so |K(A")| = |P| +|Q|. Since H divides each chamber in P into two chambers of A, |K(A)| = 2|P| + |Q].
But P — K(A"), C — CN H is a bijection, hence |[K(A”)| = |P|. This proves

[K(A)| = KA + KA. (5)
Now if A is the empty arrangement, then [K(A)] =1 = (—1)"xa(—1) since x4 = t". If A # &, then we
obtain the claim using induction, (5), and deletion-restriction (3.7). O

Theorem 3.9 (|8, Thm. 2.69]). Let A be an arrangement in IFS and M (A) be the complement of the
union of all hyperplanes in A. Then

M (A)| = xa(q)-

PROOF. We have |M(®/)| = ¢* = xa,(q). If A # @, let (A, A, A”) be a triple. Then |M(A)| =
|M(A))| — |M(A")|, thus |[M(A)| and x4(q) satisfy the same recursion (Thm. 3.7) and agree on ®,. [
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Exercise 3.3. Compute x 4(q) for the arrangement in ]Ff; defined by
QA = ] @i+.. .+
1<i<j<t

Deduce a formula for the characteristic polynomial y 4 of the braid arrangement. 5

3.1. Combinatorial simpliciality.
Definition 3.10. Let A be a central essential arrangement in R” and 0 < n < r — 1. Call
Cu(A) = U K(AY)
XeL(A), r(X)=r—-n—1
the set of n-cells of A, and write
cn = |Cn(A)| = > IC(AY).
XeL(A), r(X)=r—-n-1
Notice that C,_1(.A) is the set of chambers. A wall of A is an (r — 2)-cell of A.

PROPOSITION 3.11. Let A be a central essential arrangement of hyperplanes in R", r > 2. Then A is
simplicial if and only if r¢,—1 = 2¢,_s.

PrOOF. Notice that
2¢,_9 = Z I{(r — 2)-cells adjacent to K}| > rc,—1
KeK(A)
and that the inequality is an equality if and only if A is simplicial. O

Corollary 3.12. Let A be a central essential arrangement of hyperplanes in R”. Then A is simplicial if
and only if

r—3 r—9
S (D) en =14 (1) + (-1 Cra.
n=0

In particular, if » = 3, then A is simplicial if and only if

300 =6+cy.

PROOF. Since the Euler characteristic of the (r — 1)-sphere is 1 + (—1)""!, we have > (—1)"c, =
1+ (=1)" L. O

Corollary 3.13. Let A be a central essential arrangement of hyperplanes in R", » > 2. Then A is
simplicial if and only if

rxa(=1) +2 ) xan(-1) =0. (6)
HeA

PROOF. By Zaslavsky’s Theorem (Thm. 3.8) the number of chambers of an arrangement A is (—1)"x 4(—1).
The number ¢,_5 is the number of walls of A, i.e. the sum over the numbers of chambers for each restriction
AP H e A O

Notice that Equation 6 does not depend on simplicial cones or on the fact that V is a vector space over
the real numbers. This motivates the following definition.

Definition 3.14. Let K be a field and let A be a finite set of hyperplanes in V' = K". We call A (combi-
natorially) simplicial if A is a central, essential arrangement satisfying rx.a(—=1)4+2> e 4 xar(—1) = 0.

Remark 3.15. Since combinatorial simpliciality is equivalent to simpliciality for arrangements over R, and
since there is no definition of simpliciality for arrangements over other fields, we will call combinatorially
simplicial arrangements simplicial for short.
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Assume now that V is a vector space of dimension 3. By Corollary 3.12, we may rephrase simpliciality for
the projective plane in the following way:

Corollary 3.16. Let A be a central essential arrangement in V' = K3. Let P denote the set of one-
dimensional intersections of hyperplanes of A. Then A is simplicial if and only if

3(P|-1) =S {H € A|vC H}| (7)
veEP
In other words, if A is simplicial, then up to an offset, in average the intersection points are triple points.

4. Simplicial arrangements and reflections

Example 4.1. Let W be a real reflection group acting on V' = R", i.e. a finite group generated by
reflections on V. Let R C V* be the set of roots of W. Then A = {kerar | @ € R} is a simplicial
arrangement.

The reflection arrangement is the most symmetric type of simplicial arrangement, one cannot “distinguish”
the chambers, they all look the same.

Definition 4.2. Let V be a finite dimensional vector space. A reflection is a non-trivial automorphism
of V of finite order which fixes a hyperplane. If V' has dimension ¢, then the eigenspace of a reflection to
the eigenvalue 1 is the fixed hyperplane (of dimension £ — 1), and there is a one dimensional eigenspace to
an eigenvalue ¢ which is a root of unity.

o
65!
—oy
B2
Lemma 4.3. Let A be a simplicial arrangement and K a chamber, i.e. there is a basis BY = {ay,...,a)}

of V such that K = (BY)sg. Let K be the chamber with

Fﬁ%z <O¢¥,...,O¢V>20.

T

Then there is a unique 8Y € V with
K =(BY)s9, BY={p",ay,...,a)}, and |BN-B|=1,

T

where B := (BY)* and B := (BY)* denote the dual bases.

PROOF. Choose 3Y € V such that K = (8Y,ay,...,aY)so. Let u1,...,u, € R be such that ¥ =
S i (notice py # 0). Let B = {Bi,...,58-} be the dual basis of {8Y,ay,...,a’}, and B =
{a1,..., .} be dual to BY. Then ) = ial and §3; = —%al + a; for j > 1. To obtain ]BQ—B] =1 we
need —a = 1 € B and hence 1 = —1, f1 = —aq and B; = pjoq + o for j > 1. Thus a BY as desired
exists and is unique. O
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Corollary 4.4. Using the notation of the proof of the Lemma, the map
o: V¥V a;— b

is a reflection. With respect to B = (BY)*, it becomes the matrix

1 p2 .o pr
0 1 0
0 0 1

Example 4.5. Let R = {(1,0),(0,1),(1,2)} € (R®)*, A= {at | a € R}.

Then K = (BY)s is a chamber if BY = {a} = (1,0),ay = (0,1)}, K’ = (BY)so with BY = {3 =
(—2,1),ay = (0,1)} is an adjacent chamber.

To obtain p1 = —1, we need to choose 3 = (—1,% hence po = % The unique reflection o is

);
1
-1 1
0 1
with respect to B = (BY)*.

4.1. Reflections and Cartan matrices.

Definition 4.6. Let A be a simplicial arrangement, K = (BY)~q, BY = {aY,...,a)} a chamber, and

B={ai,...,a,} be dual to BY.

By Corollary 4.4: for K, B there are unique reflections o1, ..., 0., represented by

1 0
MZ71 e — 1 e Ni,?“ s
0 1

for certain p; ; € R, i # j with respect to B.
The matrix C%FB = (Cz‘,j)lgi,jgr with

Cij 1= e

2 ifi=jy
is called the Cartan matrix of (K, B) in A. Note that
oi(aj) = aj = cija

forall 1 <4,5 <.
We sometimes write O'Z-K B to emphasize that o; depends on K and B.

Example 4.7. (1) Let A be as in the last example. Then the Cartan matrix of (K, B) is

ke _ (2 -3
x4,

(2) If W is a Weyl group with root system R, then all Cartan matrices of (K, B) when B is a set of
simple roots for the chamber K are equal and coincide with the classical Cartan matrix of W.
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FIGURE 4. A Cartan graph

4.2. Categories.

Definition 4.8. A category C consists of a class (not a set!) of objects ObjC = {A, B,C,...} and of
sets Mor(A, B) for each pair (A, B) of objects, such that:

(1) Mor(A, B) nMor(C, D) = @ if (A, B) # (C, D).
(2) For each triple (A, B,C) of objects, there is a map

o: Mor(B,C) x Mor(4, B) — Mor(4,C), (g,f)—gof

satisfying
(a) ho(gof)=(hog)of (associativity)
(b) for each A € ObjC there is a unique element id4 € Mor(A4, A) with

foidy = f forall fe Mor(4,B),
idgog = g forall ge Mor(B,A).

The elements of Mor(A, B) are called morphisms from A to B.

Example 4.9. (1) category of sets: objects are the sets, morphisms are maps.
(2) category of groups: objects are groups, morphisms are homomorphisms of groups.
(3) K afield, category of vector spaces over K: objects are K-vector spaces, morphisms are linear
maps.

Definition 4.10. Let A, B € ObjC be objects in a category C. A morphism f € Mor(A, B) is called an
isomorphism if and only if there exists a g € Mor(B, A) such that

go f=idy, fog=idp.
An isomorphism f € Mor(A4, A) is called an automorphism. We write
Aut(A) :={f | f automorphism of A};

this is a group with respect to o.
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4.3. Reflection groupoids.
Definition 4.11.

(1) A category with only one object in which every morphism is an isomorphism is a group.
(2) A category with only one object is a monoid.
(3) A category in which every morphism is an isomorphism is a groupoid.

Example 4.12. (1) If X is a topological space, then the set of paths in X up to homotopies form
a groupoid with concatenation: the objects are the points of X, morphisms are the homotopy
classes of paths.

(2) If X is a topological space and x € X, then closed paths at x up to homotopies form a group
with concatenation.

Example 4.13. Let (G, o) be a group in the classical sense.

(1) The category C with Obj(C) = {A} and Mor(A, A) = G is a group. Notice that Aut(A4) = G.
(2) The category C with Obj(C) = G and Mor(g,h) = {ho g~} for g,h € G is a groupoid. Here,
Aut(g) = {id} for all g € G.
For example, G = (Z/37Z,+)...

Definition 4.14. A groupoid C is called connected if for any two objects A, B there exists a morphism
in Mor(A, B).

Two groupoids C; and Cy are called isomorphic if there exists an invertible functor F' : C; — Co, i.e.
F' associates to each A € C; an object F'(A) in Cy, and to each morphism f € Mor(A, B) a morphism
F(f) € Mor(F(A), F(B)) in such a way that

(1) F(ida) = idp(y) for all A € Obj(Cy),
(2) F(go f) = F(g)o F(f) for all morphisms f € Mor(A, B), g € Mor(B,(C), A, B,C € Obj(Cy).

We then write C; = Cs.
PROPOSITION 4.15. Let C be a connected groupoid. Then Aut(A) = Aut(B) for any A, B € Obj(C).

PRrROOF. Let A, B € Obj(C). Since C is connected, there exists a morphism f € Mor(A, B) which is
an isomorphism because C is a groupoid. But then the map

Aut(A) — Aut(B), g+~ fgf "
is an isomorphism. O

Definition 4.16. Let A be a simplicial arrangement in V' = R". We construct a category C(A) with
e objects: Obj(C(A)) = {B = (a1,...,00) € (V)" | (B*)>0 € K(A)} (where the bases B are

ordered).
e morphisms: for each B = (a1,...,a;) € Obj(C(A)) and i = 1,...,r there is a morphism UZ-K’B €
Mor(B, (o1 (a), ..., 01" (ow))).

All other morphisms are compositions of the generators UZ-K’B.
A reflection groupoid W(A) of A is a connected component of C(A).
A Weyl groupoid ! is a reflection groupoid for which all Cartan matrices are integral.
Using the so-called gate property, one can prove the existence of a type function for the chamber complex

of a simplicial arrangement. In other words:

PROPOSITION 4.17. Let A be a simplicial arrangement, W(.A) a reflection groupoid, and By = (a1, ..., a;),
By = (f1,...,0r) two objects with (Bf)so = (B3)>0. Then there exist A1,..., A, such that o; = \;5; for
alli=1,...,7.

1This is not the general definition of a Weyl groupoid. For a complete set of axioms, see [3].
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In particular, for a fixed reflection groupoid we obtain a unique labelling of the walls of each chamber with
the labels 1,...,r.

Definition 4.18. Let A be a simplicial arrangement, W(A) a reflection groupoid, and K = (B*)s¢ a
chamber for B = (a1, ...,a,) € Obj(W(A)).
Fori e {1,...,7}, let p;(K) be the chamber adjacent to K with common wall ker ;. We thus obtain well

defined maps
pi  K(A) — K(A)
which satisfy p? = id by the proposition.

5. Crystallographic arrangements

Definition 5.1 (|1]). Let A be a simplicial arrangement in V and R C V* a finite set such that A =
{kera|a € R} and Ra N R = {£a} for all « € R.

We call (A,V,R) a crystallographic arrangement if for all chambers K € IC(A):
RC ) Za, (8)
acBK

where _
B ={aeR|VzeK : a(z) >0, (keranNK)=kera}
corresponds to the set of walls of K.

Definition 5.2. Two crystallographic arrangements (A, V,R), (A, V,R') in V are called equivalent if
there exists 1) € Aut(V*) with ¥(R) = R’. We then write (A, V,R) = (A", V,R').

If A is an arrangement in V for which a set R C V* exists such that (A, V,R) is crystallographic, then
we say that A is crystallographic.

Example 5.3. (1) Let R be the set of roots of the root system of a crystallographic reflection group
(i.e. a Weyl group). Then ({kera | « € R}, V,R) is a crystallographic arrangement.
(2) If Ry := {(1,0),(3,1),(2,1),(5,3),(3,2),(1,1),(0,1)}, then ({a* |a € Ry}, R2 , R, U—-R,) is a

crystallographic arrangement.

Definition 5.4. Let (A, V,R) be a crystallographic arrangement and K a chamber. Fixing an ordering
for BX | we obtain a unique reflection groupoid W(A) and thus unique orderings for all BX'| K’ € K(A)
(type function). Hence we obtain a unique coordinate map

YK .V - R" with respect to B.
The elements of the standard basis {a1,...,a,} = TH(BX) are called simple roots. The set
RE .= {(TX(a) | a € R} C NjU —N}
is called the set of roots of A at K. The roots in R_If =REN Ny are called positive.
Let 1 <14,5 <r. Then it is easy to see that
kx| —max{k € N>q | ka; +a; € RE} i#j
w2 i=j’
where CK := (clKJ)” is the Cartan matrix of (K, BK).
Theorem 5.5. Let (A, V,R) be a crystallographic arrangement, K a chamber, and a € Rf a positive

root. Then either « is simple, or it is the sum of two positive roots in Rf .

Example 5.6.
Ry :={(1,0),(3,1),(2,1),(5,3),(3,2),(1,1),(0,1)}
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(5,3)

(0,1 (1,0)

Using determinants and volumes one can prove:

Theorem 5.7 (Cuntz, Heckenberger (2015); Cuntz (2019)). Let » > 2. Then there are only finitely many
equivalence classes of irreducible crystallographic arrangements of rank r.

An enumeration with a computer gives:

Theorem 5.8 (Cuntz, Heckenberger, 2009/2010). There are exactly three families of crystallographic
arrangements:

(1) The family of rank two parametrized by triangulations of a convex n-gon by non-intersecting
diagonals.

(2) For each rank r > 2, arrangements of type A,, B,, C, and D,, and a further series of r — 1
arrangements.

(3) Further 74 “sporadic” arrangements of rank r, 3 <r < 8.

6. Generalized root systems

Definition 6.1 (Dimitrov, Fioresi |5]). Let (V,(+,-)) be a finite dimensional euclidean vector space, & #
R C V a finite subset. The pair (R, V) is called a generalized root system (GRS) if V = (R) and for
all o, 8 € R:

(,) <0 = a+BER,

(,3) >0 = a—pFER,

(,f) =0 = (a+PBEeR<=a—-FE€R).
a € R is called a root, the rank of (R, V) is the dimension of V.
Lemma 6.2. Let (R, V) be a GRS. Then the following hold.

(1) R=—R.
2) V0O£a€eRIBER keN: RanNnR={jp|jeZ,~k<j<k}
[ is called primitive, k is the multiplier of 5.

Example 6.3. (i) If A is a Weyl arrangement with root system R, then RU {0} is a GRS.

(ii) Let B C A be a subset of a simple system, X := (B) <V, and 7 : V — V/X the projection. Then
m(RU{0}) is a GRS. The corresponding arrangement is the restriction A%~ . Dimitrov and Fioresi call
m(RU{0}) a quotient of a root system.

Theorem 6.4 (Cuntz, Miihlherr [4]). Each irreducible GRS of rank at least 2 is equivalent to a quotient
of a classic root system of a finite Weyl group.
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